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T h e  e f fec t  of t r a n s v e r s e  s t r a i n s  fo r  e l a s t i c  and p l a s t i c  b o d i e s  i s  d i s c u s s e d .  It i s  shown that  
f o r  p l a s t i c  b o d i e s  t r a n s v e r s e  s t r a i n s  have  the  s a m e  n a t u r e  a s  l ong i tud ina l  s t r a i n s  - r o t a t i on  
of e l a s t i c  e l e m e n t s  cu t  out  by  L i i d e r s  l i n e s .  F o r  e l a s t i c  b o d i e s  l ong i t ud ina l  (active} and t r a n s -  
v e r s e  (pas s ive )  s t r a i n s  have  a d i f f e r e n t  n a t u r e ,  and the  e m e r g e n c e  of i n t e r n a l  f o r c e s  i s  c o n -  
nec t ed  with the  g r a d i e n t s  of the  a c t i v e  but  not to ta l  d i s p l a c e m e n t s .  A c c o r d i n g l y  the  equa t ions  
of s t a t e  a r e  w r i t t e n  in the  f o r m  of c o n n e c t i o n s  of the  s t r e s s e s  with the  a c t i v e  s t r a i n s ,  and c o n -  
n e c t i o n s  of t he  s t r e s s e s  with the  p a s s i v e  s t r a i n s .  It i s  shown tha t  the  c o n n e c t i o n  be tween  
s t r e s s e s  and s t r a i n s  c a l c u l a t e d  with  r e s p e c t  to an a r b i t r a r y  p l a n e  has  a p h y s i c a l  me a n ing  only 
f o r  c e r t a i n  (defining} p l a n e s .  T h e  s t r a i n s  c a l c u l a t e d  on the  r e s t  of the  p l a n e s  have  no p h y s i c a l  
mean ing ;  t h e i r  r o l e  i s  r e d u c e d  to an i n v a r i a n t  d e s c r i p t i o n  of the  p r o c e s s e s  t ak ing  p l a c e  on the  
def in ing  p l a n e s .  T h e r e f o r e ,  f o r  the  d e s c r i p t i o n  of the p r o c e s s e s  t ak ing  p l a c e  on a l l  p l a n e s ,  a 
s i n g l e  s t r a i n  t e n s o r  i s  i n su f f i c i en t .  It i s  shown that ,  in the  c a s e  of a l i n e a r l y  e l a s t i c  body,  a 
t e n s o r  of the  a c t i v e  and a t e n s o r  of the  p a s s i v e  s t r a i n s  a r e  su f f i c i en t .  

1. We c o n s i d e r  the  s t r a i n  of an e l a s t i c  so l id  body.  The  m a t h e m a t i c a l  t h e o r y  of e l a s t i c i t y  i s  u s u a l l y  
c o n s t r u c t e d  a s  fo l lows  [1]: 

1) the  c o n c e p t s  of s t r e s s  and s t r a i n  t e n s o r s  a r e  i n t r o d u c e d ;  h e r e  the  s t r a i n  t e n s o r  by de f in i t i on  c h a r -  
a c t e r i z e s  the  v a r i a t i o n  of the  d i s t a n c e s  be tw e e n  p a r t s  of c l o s e l y  l o c a t e d  po in t s  of the  e l a s t i c  body; 

2) i t  i s  a s s e r t e d  that  t he  s t r e s s  t e n s o r  i s  a c e r t a i n  funct ion  of the  s t r a i n  t e n s o r  and the  f o r m  of th is  
func t ion  i s  p o s t u l a t e d .  

F r o m  a p h y s i c a l  v i ewpo in t  such a c o u r s e  of s e t t i ng  up a mode l  of an e l a s t i c  body i s  e i t h e r  c o n t r a d i c -  
t o r y  o r  i t  i m p l i c i t l y  c o n t a i n s  c e r t a i n  a d d i t i o n a l  h y p o t h e s e s .  Indeed ,  f r o m  the  l a s t  h y p o t h e s i s  and the  d e f i -  
n i t ion  of a s t r a i n  t e n s o r  we  c a n  c o n c l u d e  tha t  the  only c a u s e  of the  e m e r g e n c e  of i n t e r n a l  f o r c e s  in a body i s  
t he  v a r i a t i o n  of the  d i s t a n c e s  be tween  a l l  p o s s i b l e  p a i r s  of i t s  c l o s e l y  l o c a t e d  po in t s .  H e n c e  it. fo l lows  that  
f r o m  the  known s t r a i n s  the f o r c e s  on any p lane  can  be  c a l c u l a t e d  by two m e t h o d s :  e i t h e r  in t e r m s  of the  
func t ion  i n t r o d u c e d  by  the  h y p o t h e s i s  2, o r  in t e r m s  of func t ions  which c h a r a c t e r i z e  the  i n t e r a c t i o n  of m a -  
t e r i a l  po in t s  of the  e l a s t i c  body.  

If, fo l lowing  [2], we a s s u m e  tha t  only  p a i r s  of c l o s e l y  l o c a t e d  po in t s  i n t e r a c t ,  then we obta in  a m o d e l  
of the  e l a s t i c  body with a s i n g l e  p a r a m e t e r  C. If we a s s u m e  tha t  f o u r s o m e s  of c l o s e l y  l o c a t e d  p o i n t s  i n t e r -  
ac t ,  one of which l i e s  a t  the  v e r t e x  of a r e c t a n g u l a r  r e f e r e n c e  f r a m e  and the  t h r e e  o t h e r s  l i e  on i t s  s i d e s ,  
then  in the  i s o t r o p i c  c a s e  we  ob ta in  a m o d e l  of the  body with two p a r a m e t e r s  (E and v). If E and v a r e  c o n -  
s t an t ,  then both m e t h o d s  of d e t e r m i n i n g  the s t r e s s e s  l e a d  to the  s a m e  r e s u l t .  If E and v v a r y  in the  s t r a i n -  
ing  p r o c e s s  then the i n t e r n a l  s t r e s s e s  c a l c u l a t e d  by the s e c o n d  me thod  do not f o r m  a t e n s o r ,  and the 
h y p o t h e s e s  1 and 2 c o n t r a d i c t  the  p h y s i c a l  m e a n i n g  of s t r a i n  con t a ined  by them.  

T h e  h y p o t h e s i s  2 c a n  be  a l t e r e d  a s  fo l lows :  we a s s u m e  that  i n t e r n a l  f o r c e s  a r i s e  only on c e r t a i n  (de-  
fining} p l a n e s  a s  a r e s u l t  of the  v a r i a t i o n  of the  d i s t a n c e s  be tw e e n  c l o s e l y  l o c a t e d  po in t s  of the  body;  the  
f o r c e s  and s t r a i n s  on the r e m a i n i n g  p l a n e s  m u s t  be c a l c u l a t e d  a c c o r d i n g  to the  r u l e s  of t e n s o r  p r o j e c t i o n  in 
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t e r m s  of the fo rces  and s t r a i n s  on the defining planes .  Consequently,  only on the defining planes  the con-  
nection between the s t r e s s e s  and s t r a i n s  has a phys ica l  meaning;  on al l  o ther  p lanes  this  connect ion has 
m e r e l y  a fo rma l  meaning.  This can be i n t e r p r e t e d  by the following example:  le t  the k inema t i c s  of s t r a i n  
of a sol id medium be given by the equations 

u z = ? (t)xo., u 2 ~ O, u 1 -~  0 (1.1) 

where  u 1, u 2, and u 3 a r e  the components  of the d i s p l a c e m e n t  vector ,  and 7(t) is  a smooth function of the t ime.  

The motion (1.1) can be r e a l i z e d  by thin r ig id  p la tes  AkBk between which c e r t a i n  fo rces  (Fig. la)  act .  
F o r  such a sol id  medium only s h e a r  on p lanes  p a r a l l e l  to the 0xlx 3 plane has  a phys ica l  meaning. Shear  
and elongation on other  planes  have m e r e l y  a fo rma l  meaning.  The re fo re ,  the connection between s t r e s s e s  
and s t r a i n s  has a phys ica l  meaning only for  p lanes  p a r a l l e l  to the 0xlx 3 plane;  these  planes  in the given 
e a s e  will  be defining planes .  

In the c a s e  of sma l l  va lues  of [7(t)] the s t r a in  (1.1) can a l so  be r ea l i zed  by rota t ion of thin r ig id  p la tes  
about the points Ck, Dk (Fig. lb) .  In this  c a s e  p lanes  p a r a l l e l  to the 0x2x 3 plane wil l  be defining planes .  

The p rob lem of finding defining p lanes  has  no s i n g l e - v a l u e s  solut ion in the f r a m e w o r k  of phenomeno-  
log ica l  r e p r e s e n t a t i o n s .  F o r  i ts  solution we r e q u i r e  in format ion  about the phys ica l  mechan i sm of s t r a in  
of the m a t e r i a l  under  inves t iga t ion .  

We a s s u m e  that the p lanes  of p r inc ipa l  s t r e s s e s  a r e  the defining p lanes  for  an e las t ic  m a t e r i a l .  We 
c o n s i d e r  the plane e a s e  of s t r a in .  We a l so  a s s u m e  that be fo re  deformat ion  the e las t ic  body is  homogeneous 
and i so t rop ic .  We i so l a t e  an e lement  ABCD and c o n s i d e r  i ts  behav ior  under  the effect  of ex te rna l  loads  
(Fig. 2). If normal  fo r ce s  a r e  appl ied to the s ides  AD and BC, then not only the s ides  AD and BC but a l so  
the s ides  AB and DC a r e  d i sp laced .  The d i s p l a c e m e n t  of the plane AB is  ca l l ed  p a s s i v e  d i sp l acemen t ,  s ince  
the plane AB is  f r ee  f rom s t r e s s e s .  The in te rna l  fo rces  in the body a r i s e  as  a r e su l t  of appea rance  of g r a -  
dients  of ac t ive  but not total  d i s p l a c e m e n t s .  In [3], which conta ins  a de ta i led  b ib l iography,  the c a u s e s  of the 
e m e r g e n c e  of p a s s i v e  d i sp l acemen t s  a r e  inves t iga ted .  

In the c a s e  of the c l a s s i c a l  approach it is  suff ic ient  to a s s u m e  that the only c a u s e  of a pa s s i ve  d i s -  
p lacement  is  the ac t ive  d i sp l acemen t  of an orthogonal  plane.  In the genera l  c a s e  the d i s p l a c e m e n t  of each 
point of an e lement  ABCD has two components  - an ac t ive  component  ~ and a p a s s i v e  component  ~. We in -  
t roduce  the concepts  of ac t ive  and p a s s i v e  s t r a i n s  of an e lement  ABCD 

Here  el j, Pij, qij, i, j = 1, 2 a r e  the components  of the total ,  p a s s i v e  and ac t ive  s t r a in s .  

In the 0Xl~ ~ coo rd ina t e  sy s t em (Fig. 2) the equations 

e~/~ ~  ~ o12 ~  0 ,  p12 ~ = O, ql~ ~ = 0 

q l l  ~ = ( r~  ~ / E ~ ,  q2,. ~ = g2z ~ / E,~, p u  ~ = - -  v~2q22 ~ 

p 2 2  ~ ---~ - - ' V 2 1 q l l  ~ 

(1.2) 

(1.3) 

a r e  sa t i s f ied .  

In the o r ig ina l  0xlx 2 coo rd ina t e  sy s t em Eqs. (1.3) a r e  t r a n s f o r m e d  into 

125 



F i g .  3 

x, 

2z,~ -- tg 2~t,, 2m3 tg 2r 2q,z .-= tg 2~ 

I F z , ,  -i- :.~ 
q,1 + qn ' q" - -  q= cos 25 -1- q,2 sin 25 = ~ k 2 2 7 2 

q n  -q- q ~  
qu --2 qn cos 25 - -  q,2 sin 2ap = ~1 [ z,, '-2 ~= 

if II i q ~-  q~.~ 
pn'ff'pn2 "~- pH--pn~, cos2~ + pt~sin2~ = - - V 1 2  ' ~= 

:,, - z= cos 25 § ~,2 sia 2q'] 2 2 

011 - -  O~ ] 2 cos 2~b - -  zl~ sin 2~ 

qn -- q= cos 2~ - -  q,, sin 251 2 

] [ ~ q" --  q= cos 2* + ql, sin 2~ (1.4) rpt~. "+" p~ Pn - -  P'~ qtl q'22 _~ 2 ----2- 2 cos 2ap - -  p,~ sin 25 = - -  v2, 

The  a c t i v e  and p a s s i v e  s t r a i n s  a r e  k i n e m a t i c a l l y  i n d i s t i n g u i s h a b l e ;  t h e r e f o r e  the  con t inu i ty  c o n d i t i o n s  

m u s t  be s a t i s f i e d  only f o r  the  sum 

The  e q u i l i b r i u m  equa t ions  

02e11 / Ox~: -4- O*e~ / Oxi s = 202e12 / cgx,ax~ (L5) 

Ocrll / Oxl -4- 0a,2 / cgz~ -4- p X ,  = O, 

0r / Ox, + 0r / Ox 2 q- pX z = 0 (1.6) 

w h e r e  pX l, pX 2 a r e  t he  c o m p o n e n t s  of the  body f o r c e s  and crij a r e  s t r e s s e s ,  c l o s e  to the  s y s t e m  (1.4) and 

(1.5). 
F o r  p h y s i c a l l y  n o n l i n e a r  m a t e r i a l s  the  c o e f f i c i e n t s  El ,  Pij depend  on the  s t r e s s e s .  If E 1 ~ E 2 o r  P12 ~ 

uzl, then an e l a s t i c  body b e c o m e s  a n i s o t r o p i c  a s  a r e s u l t  of s t r a i n .  The  p r o b l e m  c o n c e r n e d  with the  b e -  
h a v i o r  of such a body u n d e r  a s u b s e q u e n t  c o m p l e x  load ing  r e q u i r e s  a s p e c i a l  e x p e r i m e n t a l  i n v e s t i g a t i o n .  

If E 1 = E 2 = E ,  Plz=v21 =v,  then Eq. (1.4) can  be  s i m p l i f i e d .  

e , 1 = P l , + q m  e ~ = p 2 2 ~ - q ~ 2 ,  e l , = p , , + q l ~  

qll = Ull / E, q22 = %z / E ,  qlz =- olz / E 

Pll = - -vq2z ,  P2~ = - - v q l l ,  P,~ = +vq12 (1.7) 

If E = e o n s t ,  ~, = c o n s t ,  t h e n  w e  c a n  a s s u m e  tha t  a l l  p l a n e s  a r e  d e f i n i n g  p l a n e s .  In t h i s  c a s e ,  f o r  a 

def in ing  p lane ,  we  m u s t  i n t r o d u c e  the  c o n c e p t s  of a c t i v e  and p a s s i v e  s h e a r s  q12, Pt2, with 

qlz = (r12 / E ,  P12 = "vqlz 

2. We s h a l l  c o n s i d e r  the  r o l e  of the  e f fec t  of t r a n s v e r s e  s t r a i n s  fo r  p l a s t i c  bod i e s .  E x p e r i m e n t s  
show tha t  the  m e c h a n i s m  of p l a s t i c  s t r a i n  i s  c o n n e c t e d  with  the  mot ion  of d i s l o c a t i o n s  in c e r t a i n  d i r e c t i o n s  
[4], i . e . ,  wi th  s h e a r  of the  m a t e r i a l  a long  c e r t a i n  (defining) p l a n e s .  P l a n e s  of m a x i m u m  s h e a r  p l ay  the  r o l e  
of de f in ing  p l a n e s  fo r  p l a s t i c  m a t e r i a l s .  In F ig .  3 we h a v e  s c h e m a t i c a l l y  d e p i c t e d  the  p l a s t i c  s t r e t c h i n g  of 
an i n c o m p r e s s i b l e  f l a t  s t r i p .  The  l ong i t ud in a l  and t r a n s v e r s e  s t r a i n s  r e f l e c t  the  s a m e  p r o c e s s  - r o t a t i o n  of 
t he  e l e m e n t s  AkBk.  When the e l e m e n t s  r o t a t e ,  t h e i r  p r o j e c t i o n  on the  0x 1 a x i s  i n c r e a s e s ,  w h i l e  tha t  on the  
0x 2 a x i s  d e c r e a s e s .  The  f i r s t  g i v e s  the  e longa t ion  s t r a i n  w h i l e  the  o t h e r  g i v e s  the  t r a n s v e r s e  s t r a i n .  F o r  
p l a s t i c  b o d i e s  ( inc luding c o m p r e s s i b l e )  the  l ong i t ud ina l  and t r a n s v e r s e  s t r a i n s  a r e  equ iva len t ,  and a f o r m a l  
s e p a r a t i o n  of the  s t r a i n s  into a c t i v e  and p a s s i v e  c o m p o n e n t s  would  h a v e  no p h y s i c a l  m e a n i n g .  

In the  c a s e  of p l a n e  l i m i t i n g  s t r a i n  of i n c o h e r e n t  d r y - r u n n i n g  m a t e r i a l s ,  the  r o l e  o[ de f in ing  p l a n e s  i s  
p l a y e d  by nonor thogona l  s l i p  p l a n e s .  D e f o r m a t i o n  t a k e s  p l a c e  a s  a r e s u l t  of c h a n g e  in the  v o l u m e  and s l i d -  
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Fig.  4 

ing of the m a t e r i a l  along the defining planes .  The longitudinal  and t r a n s v e r s e  
s t r a i n s  have a common or ig in ,  and s epa ra t i on  of the s t r a i n s  into ac t ive  and 
p a s s i v e  components  is  a l so  inadv isab le .  Analyzing the p r o c e s s e s  on the def in-  
ing p lanes  and us ing the r u l e s  of t en so r  p ro jec t ion ,  we can set  up a model  of an 
incoheren t  soi l .  

3. The t h r e e - d i m e n s i o n a l  c a s e  of s t r a in  of e las t ic  m a t e r i a l s  is  c ons ide r ed  
analogous ly  to the plane c a s e .  In th ree - -d imens iona l  p las t i c  (dry- running)  
m a t e r i a l s  we d is t inguish  be tween c a s e s  of incomple te  and comple te  p l a s -  
t i c i ty  [5]. In the case  of comple te  p l a s t i c i t y  the t r a n s v e r s e  s t r a i n s  have 
the s a m e  s t r u c t u r e  as the longi tudinal  s t r a i n s .  In the c a s e  of incomple te  p l a s -  

t ic i ty ,  with r e s p e c t  to the d i rec t ion  of act ion of the e las t i c  connect ion and the or thogonal  d i r ec t i ons ,  we can 
s e p a r a t e  the ac t ive  and p a s s i v e  components  and connect  the c o r r e s pond i ng  s t r e s s e s  only with the ac t ive  
s t r a ins .  The s t r a in  in a plane that is  or thogonal  to the e las t ic  d i rec t ion  is  analogous to p lane  p las t ic  s t ra in .  

4. The a n a l y s i s  of the effect  of t r a n s v e r s e  s t r a i n s  l eads  to the following conclus ions :  

1) for  m a t e r i a l s  whose s t r a in  mechan i sm is  connected with the var ia t ion  of the d i s t ances  between 
c lo se ly  located m a t e r i a l  points  (i .e. ,  with the extension and c o m p r e s s i o n  of the f ibe rs ) ,  the longi tudinal  (ac-  
tive} and t r a n s v e r s e  (passive) s t r a i n s  have a d i f ferent  or ig in .  In terna l  fo rces  in such m a t e r i a l s  a r i s e  as  a 
r e s u l t  of the e m e r g e n c e  of g rad i en t s  of the ac t ive  and not the total  d i sp l acemen t s ;  s t r a in  equations o[ these  
m a t e r i a l s  must  be wr i t t en  in a fo rm analogous to Eq. (1.7), 

2) fo r  m a t e r i a l s  whose s t r a in  mechan i sm is connected with shea r ,  the longitudinal  and t r a n s v e r s e  
s t r a i n s  have the s a m e  or ig in .  The s t r a in ing  p r o c e s s  of such m a t e r i a l s  must  be e x p r e s s e d  in t e r m s  of total  
s t r a i n s .  The s t r a in  t enso r  (more  p r e c i s e l y ,  i t s  dev ia to r )  must  be i n t e r p r e t e d  as  an invar ian t  c h a r a c t e r i s -  
tic of shea r  on d i f fercnt  p lanes ;  

3) c a s e s  a r e  p o s s i b l e  where  the s t r a in ing  mechan i sm of the m a t e r i a l  is  d i f ferent  in d i f ferent  d i r e c -  
t ions.  Accord ing ly ,  the t r a n s v e r s e  s t r a in  is  made up of p a r t s  having a d i f fe ren t  or ig in;  

4) if the s t r a in ing  p r o c e s s  of the body is  e x p r e s s e d  in t e r m s  of a ce r t a in  function (functional) of the 
s t r e s s  and s t r a in  t enso r s ,  then this function (functional) has a phys ica l  meaning only for  c e r t a i n  (defining) 
p lanes  and d i r ec t i ons  in them. The connect ion between the s t r e s s e s  and s t r a i n s  on the r ema in ing  planes  
has no independent  phys ica l  meaning; the s t r e s s e s  and s t r a i n s  on them s e r v e  for  i nva r i an t  de sc r ip t i on  of 
the p r o c e s s e s  taking p lace  on the defining planes .  The s t r a in  equations must  be wr i t t en  in the form ana -  
logous to Eq. (1.3). 

The use of s t r e s s  and s t r a in  t e n s o r s  a l lows us to d e s c r i b e  in invar ian t  fo rm the p r o c e s s e s  taking 
p lace  only on the defining planes .  P r o c e s s e s  taking p lace  on the r e s t  of the p lanes  r ema in  unknown in the 
c a s e  of such desc r ip t ion .  (This does  not apply to the components  of the s t r e s s  t en so r  t hemse lves . )  The 
val idi ty  of the conclus ion  4 for  e las t ic  bodies  is  shown in Section 1; fo r  p las t ic  bodies the conclus ion 4 fo l -  
lows f rom an example .  

We c o n s i d e r  p lane s t r a in  of a p l a s t i c  m a t e r i a l  under  p ropor t iona l  loading (Fig. 4). Let  T and 4/be the 
maximum s h e a r  s t r e s s  and s h e a r  s t r a in .  Then a d e c r e a s e  in the modulus p = 0T/O~/ s ign i f ies  weakening of 
the  m a t e r i a l  along the maximum shea r  plane.  On thc plane ~ ~ 0 the shea r  s t r e s s  and s h e a r  s t r a in  a r e  
T cos  2~0 and ~ cos  2a?. We now a s s u m e  that the s t r e s s  and s t r a in  t e n s o r s  d e s c r i b e  p r o c e s s e s  taking p lace  
on al l  p lanes .  Consequently,  weakening of the p lane  ~o is  c h a r a c t e r i z e d  by the shea r  modulus.  

~ = 0~.e cos 2~) / 0 (7 cos 2r ~ ~ (4.1} 

F r o m  Eq. (4.1) it  fol lows that  the m a t e r i a l  r e m a i n s  i so t rop ic .  E x p e r i m e n t s  [4] show the conve r se .  
Consequently,  the assumpt ion  is i n c o r r e c t  and the conclus ion  4 is  val id  a l so  for  the p las t ic  m a t e r i a l s .  We 
note that the p rob lem of a r b i t r a r y  loading of sol id media  r educes  to an adequate  desc r ip t ion  of the p r o c e s s e s  
taking p lace  on al l  p lanes ,  i .e . ,  to the de t e rmina t ion  of the denomina to r  in Eq. (4.1). It is  not pos s ib l e  to do 
th is  by means  of a s ingle  s t r a in  t ensor .  In the c a s e  of a l i nea r ly  e las t ic  body, the t enso r  of ac t ive  s t r a i n s  
turned  out to be suff ic ient  for  the solut ion of this  p rob lem.  F o r  m o r e  ge ne r a l  c a s e s  the question r e m a i n s  
open. 
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